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Abstract. In terms of the telescoping method, a simple binomial sum is given. By 
applying the derivative operators to the equation just mentioned, we establish several 
general harmonic number identities including some known results. 



o 

1. Introduction 
For n G No, define the harmonic numbers by 

n ^ 

Hf) = and Hn = /, 7 when n = 1, 2, ■ • • . 

in ; .... ''7^ . 

f^ I There exist many elegant identities involving harmonic numbers. They can be found in 

CN ' the papers [T]-[TU]. 

f-^ I For a function f{x, y), define respectively the derivative operators "Dx and P^ by 



x=0 



^Id 



><: ^-/(-'^) = a^la^^(-'^) 



x— y— 



Then it is not difficult to show the following two derivatives: 

where s, t,u,v £ Nq with t < s and v < u. 

For a complex sequence {rfe}fegz, define the difference operator by 

Vrfc = Tfc - Tk-i. 
Then we have the following relation: 
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Combining the last equation and the telescoping method: 

n 

^ Vrfe = r„ -To, 
fc=i 
we obtain the simple binomial sum: 

By applying the derivative operators to ([l}, several general harmonic number identities 
including some known results will be established in the next two sections. 

2. Harmonic number identities 
§2.1. Performing the replacement j/ — ^ y + p for ^ with p G iVo, we have 

A.(y+P+fe) {y+P+r^)x-y-p+l x-y-p+r 
Applying the derivative operator Vy to the last equation, we establish the theorem. 
Theorem 1. For x G C and p G No, there holds the harmonic number identity: 

n (x+k\ , , f lx+n+l\ / -. \ , 

V-LlIh- _ •^ + ^ \ \ n ) rr ^ \ H \ ^ 

^^(p+^)^+'~:e-P+i1 (p+") 1v^+" x-p+l) ''^x-p+1 

Letting x — p va Theorem [H we achieve the following equation. 
Corollary 2. For p G Nq, i/iere /loMs the harmonic number identity: 



Y^ Hp+k = ip + n + l)Hp+n -{p+ l)Hp 



fc=i 



When p = 0, Corollary [5] reduces to the known result (cf. [H Equation (2.1)]): 

n 

Y,Hk = {n + l)Rn - n. 
fe=i 
Setting p — n and p ^ 2n in Corollary [5] respectively, we attain the two identities: 

n 

Y, Hn+k = (2n + l)H2n -{n + l)iJ„ - n. 



fc=i 



Y H2n+k = (3n + l)H3n - (2n + l)H2n - n. 

fe=l 

Making a; = p + 1 in Theorem [T] and considering the relation: 
'"' p+l + k "/ A:\ 

fc=i ^ fc=i ^ -^ ' / 

we get the following equation by using Corollary [51 

Corollary 3. For p G Nq, there holds the harmonic number identity: 

Sr^ , rj {n-p){p + n+l) p{p + l) n{n~2p~l) 

2_^ kHp+k - ^ J^p+n H ^ J^p -^ . 

fc=i 



Telescoping method, derivative operators and harmonic number identities 

When ^ = 0, Corollary [3] reduces to the result due to Chen et al. ^ Equation (2.2)]: 

^^ 2 4 

fc=i 

Taking p — n and p ~ 2n va Corollary [3] respectively, we gain the two identities: 

En{n + 1) / 1\ 

fcg»+fc- \ (^"+2)' 

/c=l 

^ kH2n+k = ""^^",^^^ (1 - 2i/3«) + n(2n + l)iJ2n. 

Letting x = p + 2 in Theorem [1] and considering the relation: 

^ (p+l + fc)(p + 2 + fc) ^ _^f^ , (2p + 3)fc , fc^ ]^ 

^ {p+l){p + 2) ''^+' Z.|^+(p+i)(p + 2) + (p+l)(p + 2)/''^+^' 

we achieve the following equation by using Corollaries [2] and [3l 

Corollary 4. For p G Nq, i/iere /loMs i/ie harmonic number identity: 

X^,2rr _ {p + n+ l)(2n' + n - 2pn + p + 2p^) 

fe=l 

p{p + l)(2p + 1) „ n(4n2 - 3n - 6p?i + 12p + 12p^ - 1) 
6 '^ 36 

When p = 0, Corollary |4] reduces to the result due to Chen et al. [2, Equation (2.3)]: 
n(n + l)(2n+l) (n - l)n(4n + 1) 






6 36 

k=l 

When p — n, Corollary H] reduces to the known result (cf. [3J Equation (2.7)]): 
,^2 n{n+l)(^n + ll n(n + l)(10n - 1) 

/ , «- J^n+k — 7 [^J^2n - tin) ^7 • 

fc=l 

We remark that Chyzak [J] and Schneider [5] proved the last equation by an extension 
of Zeilberger's algorithm and Karr's algorithm respectively. Setting p — 2n in Corollary 
m we attain the identity: 



^,2rj n(2n+l)(37i + l) 

/ , fc n2n+k — 7^ ^3 



n(2n+l)(4n+l) n(40n2 + 21n - 1) 
3 ^'" 36 ■ 

Choosing x = — n — 1 in Theorem [U we recover the result due to Sofo [5J Corollary 1]: 
Choosing x = —n in Theorem [1] and considering the relation: 

S'-K"r)fi^|:'-K:)(-9fi^ 

we recover, by using ^, the result due to Sofo ,9, Corollary 3]: 



E(-i)'=( 
fe=i ^ 



n \ kHp+k _ n{n'^ - n - p^) pnHp 

fcy (P+'=) ^ (p + n)2(p + n- 1)2 {p + n){p + n-l)' ^' 
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Choosing x = 1 — n in Theorem [T] and considering the relation: 



fc=i 



we recover, by using ^ and ^, the resuh due to Chu[3j Corohary 1.8]: 



j._^ vM (^;^'') (p + n)(p + n- l)(p + n-2) 

n^ n{n-l){2n-l) n(n-l)(n-2) 

(p + n)2 (p + n-l)2 (p + n-2)2 

The case p = oi ^, ^ and (0]) read, respectively, as 



(4) 



f^(-l)^-Qi7fc = -i where n > 0, (5) 



fe=i 



/ \ 1 

^(-l)M^)fci7fe = --— ^ where n > 1, (6) 

fc=i ^ ^ " 

g/-^)^(fc)^^^- = - (.^iK.-2) -^-- '^>2- (^) 

The last three identities are very beautiful. Subsequently, we shall display several equa- 
tions which include also (O, ^ and ([T]). 

Making x — > —x — n — 1, p — > for Theorem [H we get the following equation. 
Corollary 5. For x E C, there holds the harmonic number identity: 

\k(x + n\ _ r\nfx + n-l\f 1 \ 1 



EM)M r ^-(-1)" :^ ^' 



.... . .. , . X + n J X + n 

k—l ^ ^ ^ ^ ^ 

When X — 0, Corollary [S] reduces to ^ exactly. Taking a; = n in Corollary [SI we gain 
the identity: 



When X = —^ —n, Corollary [5] reduces to the result due to Chen et al. [U Example 2.3]: 
^ f2k\ Hk n + 1 /2n + 2\ 2n + 1 /2n\ 

Letting a; — )■ a; — 1 for Corollary [S] and considering the relation: 

we achieve the following equation by using Corollary [5l 
Corollary 6. For x £ C, there holds the harmonic number identity: 

(— l)"rix fx + n^ 



fe=l ^ ^ 



a; + n — 1 \ n 

+ (n-l)(a:-l) \ 1 



X <H, 



n{x + n){x + n — 1)J a; + n— 1 



Telescoping method, derivative operators and harmonic number identities 

When X ~ 0, Corollary |6] reduces to ([6]) exactly. Setting x = n and x 
Corollary [B] respectively, we attain the two identities: 



fc=i 

/2n 



kj 2n-l \n J\ 2n2(2n-l)j 2n - l 

7^ — 1 \ / 



fc=l 



Making a; — >■ x — 1 for Corollary [5] and considering the relation: 



k J ^-^ V a; + n / V fc 

fe=i ^ ^ k=\ ^ / \ / 

we get the following equation by using Corollary |6l 
Corollary 7. For x G C, there holds the harmonic number identity: 
V^C ^^kf^ + n\,2„ ( rvn x{n^ - n + nx - I) fx + n 

n(2x + 2n-3) n^ + 2n - 1 ] x + n 

X i nH„ I ^ ' ^ 



{x + n — l){x + n — 2) it? — n + nx — 1 J (x + n — l)[x + n — 2) 

When X = 0, Corollary [7] reduces to ([7]) exactly. Taking x = n and x = — | — n in 
Corollary [7] respectively, we gain the two identities: 



^k ) ^ ^ ' 2{2n-l)\nJ\ 2n(n - l)(4n2 - 1) 

n 

where n > 1, 



(7i-l)(2n- 1) 

^^ I 2k\ eHk _ (2n + l)(3n + 2) (^^") ( %n-Q 2n\ 2 

l^\ h ) Ak ~ 1R An ["^^^ 



fe=i 



fc / 4*= 15 4" V 9n + 6 5/15 



§2.2. Employing the substitutions x — ^ y +p, y — > x for ([T]) with p G A^Qi we have 

Applying the derivative operator Vy to the last equation, we found the theorem. 
Theorem 8. For y E C and p G No, there holds the harmonic number identity: 



- ^+^ g, + ^ 

p — x + l '' (p — x + 1)2 

Of course, Corollaries [5]|3] can also be implied by the theorem. Now, we shall derive other 
several results, which correspond to Corollaries [5][7l from Theorem |8l 

Letting x — )■ — x — n — 1, p — s- for Theorem [51 we achieve the following equation. 
Corollary 9. For x G C, there holds the harmonic number identity: 

V-izil!ff n+l (-l)V ,, 1 \ x + n+1 

Z^ fx+n^ ^fe - T, , „ , O (x+n^ ^"+1 



-^ (="+") x + n + 2(^+")V x + n + 2y (x + n + 2) 
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When X = 0, Corollary [9] reduces to the interesting identity: 



E ^^H" = (-l)"rT9 ^"+1 - 



t[ il) ' ' - + 2V ""^ n + 2) {n + 2Y- 

Setting X = n and a; = — i — n in Corollary [9] respectively, we attain the two identities: 

h d") 4er)r'-^-n+ij-4(n+i)- 

Making a: — >■ x + 1 for Corollary |9] and considering the relation: 

we get the following equation by using Corollary |9l 

Corollary 10. For x G C, there holds the harmonic number identity: 

(-1)'' ; IT _ { '^ + x + n{x + n + 'i) x + n + 1 x + l 



^,^^ ("+") '' \{x + n + 2){x + n + i) "+' (x + n + 2)2 ' (x + n + 3)2 

(-1)", , \ x + n + l x + n + 21, , 

X \ J ^ (n + 1) - <^ -r - }{x + n + l). 

(^+") ^ ' \(x + n + 2)2 (x + n + 3)2J^ ' 

When X = 0, Corollary [TOl reduces to the interesting identity: 

V(-l)%ff -Ih I 2n + 5+(-l)" l 

ttl^T I -' + 3-+1" (n + 2)(n + 3)/ 

(n + l)(n2 + 3n + !)(-!)" 



(n + 2)(n + 3) 
Taking x = n and x = — i — n in Corollary [TU] respectively, we gain the two identities: 

^("1)'lzt _ fix , " 4n + 5 



k=l \k) ^ 



^ 2n2+4n+l (2n + 2)(2n + 3) 

(-l)"2n2 + 4ra+l (2n + l)(4n2 + 6n + 1) 
^ (2^) 4n + 6 (2n + 2)2(2n + 3)2 '' 

'A 4'= , ^ 2(n+l)(3n+l) 4" / 2 2\ 2 



-c::) 15 (2:)v -- 9^+3 5 

Letting x — >■ x + 1 for Corollary [TU] and considering the relation: 
" (—1)*^ " (—!)'"' / fc2 \ 

E TFFn+ry fc^/^ = E -p+;iy ( ^ - x + n + i)^''' 
fc=i V fc y fc=i V fe / ^ ^ 

we achieve the following equation by using Corollarv llOl 

Corollary 11. For y G C, there holds the harmonic number identity: 

E MV '''^' = ^" + 1) W^{«nff«+l + /3n} + 7«. 
fc=l V fe J I n j 



225 



where 



Telescoping method, derivative operators and harmonic number identities 
^, _ 1 3k+6 I n^+5n+e 



x+n+2 x+n+3 ' x+n+i ' 

n _ 2x+2n+3 _ 7x+15+2nix+n+5) , 5a;+14+ri(2a:+n+8) 
P"- — (x+n+2y^ (x+n+3)^ ' (x+n+4)^ ' 

„, _ f 2x+2n+3 5a:+5K+12 , 3a:+3rt+10 1 i^^ , „ , l \ 

'" ^ \ (x+n+2)2 (a;+n+3)2 ^ (.T+n+4)2 />>-'' "^ "■ + -Lj- 

When x = 0, Corollary [TOl reduces to the interesting identity: 

^ / -\\k 

E \^) 7,2 TT _ { n{n^+7n^ + lin+7) rr 7t° + 14n^+77K^+208n^+279n^ + 160K+24 1 

/n\ «- ^A: — I (n+2)(n+3)(n+4) -""+1 (n+2)2(n+3)2(ra+4)2 J 



fe=l Vfe) 



V ^Ti^^lU 1V» ("+l)("''+5«"-K"-28n-24) 
X [n+i)(-i) („+2)li(n+3)^(n+4)^ ' 



/ 1 \ A; 

E l~-'-J i,2 TT _ / n(n+2){2n+l) rj _ 4nS+28n'^+69n^+71w^+28n+3 \ 

/2n\ "- -"fc ^ \ 2(n+l)(2n+3)^"+l 4(n+l)^ (n+2)(2n+3)^ J 



Setting X = n and x = — i — n in Corollary [TU] respectively, we attain the two identities: 

/2n- 
fc=l V fc , 

Tj— -(n+ 1) 4(n+l)^(n+2)^(2n+3)^ ' 



(~1)" ^ I -1^ n(K+2)(8rt-'+8rt^-8Tt-13)-6 



E /r-^H^, — f I5n'' + 12n-l TT 225n^+4327t+34 \ ^ ^ri -I- 1 "l + - 

(2k\ 1^ J^k — y 210 -"n+1 11025 ^ pn\ v'' ^ "^'^ ^ 11025- 



3. Further harmonic number identities 
§3.1. Performing the replacements x— )-.T+p, y— s-y + g for ([1]) with p,q (z Nq, we have 

n /x+p+fc\ /K+p+n+lX 111 111 

y-,(fc)_(„ ) x + p + l x + p + l 



^ (^+«+'') (^^'^") 2:-y + p-9 + l x-y + p-g+l' 

Applying the derivative operator V^ to the last equation and using Theorems [T] and HI 
we establish the theorem. 

Theorem 12. Forp,q G No, there holds the harmonic number identity: 

(p + n+1)! (p+1)! 



X i (p - g + l)Hp+lHq - H.p+l - Hq ' 



p-q+l 

Making q = p in Theorem [T^ , we get the following equation. 
Corollary 13. For p G No, there holds the harmonic number identity: 

n 

J2 Hp+k = {p + n + l)i/2^„ - (2p + 2n+ l)i/p+„ - {p + 1)H^ + {2p + l)Hp + 2n. 
fe=i 

When p = 0, Corollary [13] reduces to the known result (cf. [2,, Equation (2.8)]): 

n 

^ iJ^ = (n + \)Hl - {In + 1)F„ + 2n. 
fc=i 
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Taking p — n and p = 2n in Corollary [13] respectively, we gain the two identities: 

n 

^ Hl+k = (2n + 1)H|„ - (4n + l)H2n - {n + \)HI + {In + 1)H„ + 2n, 



k=\ 



E ^2„+fe = (3n + l)i^|„ - (6n + l)i^3„ - (2n + \)HI^ + (4n + l)i/2„ + 2n. 
fc=i 
Letting g = p — 1 in Theorem [12] and considering the relation: 

n n n 

E(P + k)Hp+kHp+k-i = E(P + k)Hp+k - E -^P+'=' 

fc=l fc=l /c=l 

we achieve the following equation by using Corollaries [5] and [T51 
Corollary 14. For p e No, f/iere /loMs i/ie harmonic number identity: 

ST i,tt2 _ {n-p){n+p+l) ^2 n'^ -n-1- p{2n + 3p + 3) ^ 

2^'^^p+k — ^ -"p+n 2 J^p+n 

k=l 

p{p + 1) „2 3p2 + 3p + 1 n(r7, - 6p - 3) 
+ ^^— ^P 2 ^^ + 4 ■ 

When p = 0, Corollary [TJ] reduces to the interesting identity: 

n{n + 1) 2 71^ — n — 1 n(n — 3) 



E^^^-^^^^^n-^^-f-^^" 



fc=i 

Setting p ^ n and p = 2n in Corollary [TJ] respectively, we attain the two identities: 
2 _(2»^+l)^„ "(" + 1)„2 3n2 + 3n+l n(5?i + 3) 



^^-^n+fc = ^ ^2n H ^ -ff„ 2 ^" 

k=l 

E, tt2 "-(3't- + 1) rr2 15n^ + 77^+l ^ ,„ .^^2 

fc^2„+fc = ^^ -Hi, + 2 "'" + ""^^^ + ^^^2" 

12n2 + 6n+l ?i(ll7i + 3) 
2 ^'" 4 ■ 

Making g ~ p — 2 in Theorem [T^ and considering the relation: 

n n 

E(P + kKp + k- l)Hp+kHp+k-2 = E{P(P - 1) + (2P - l)fc + fc'}^p+fe 
fc=i fe=i 



E{(2p-l) + 2A;}i/p+fe, 



*:=! 



we get the following equation by using Corollaries [21 [3] [13] and [T4l 
Corollary 15. For p G No, i/iere /loZrfs i/ie harmonic number identity: 



n 



El„2 tt2 _ (p+n+l)(2n^ +n-2pn+p+2p^) tt2 _ p(p+l)(2p+l) tt2 
'^ "-p+k — 6 -"p+n 6 P 



4K^-3rt^-6pn^-K+12pTt+12p^n+3+17p+33p^+22p^ tt 

18 -Op+n 

. (2p+l)(llp'' + llp+3) TT I n(8n^-15n-30pTi+25+132p+132p'') 

+ Jg ^p + JQ8 

When p = 0, Corollary [15] reduces to the interesting identity: 

E;,2 717-2 _ ri(K+l)(2n+l) rr2 _ in^-Zn^-n+3. tt , «(8n''-15n+25) 
k=l 



Telescoping method, derivative operators and harmonic number identities 

Taking p — n and p = 2n in Corollary [15] respectively, we gain the two identities: 

n 

Ej,2 rr2 _ ri(K+l)(2n+l) rT2 3271^ +42n^ + 16n+3 tt 7i(k+1)(2k+1) „2 

'*' ^n+k — 3 ^2n 18 -"2n g -"„ 

fc=l 

I (2Tt+l)(lln^+lln+3) tt , rt(1107i^ + 117w+25) 
+ 18 " '^ 108 ' 

n 

ET 2 rr2 _ rt(2rt+l)(3rt+l) rj-2 72Ti^+51n'' + lln+l rr n(2ri+l)(47i+l) ij2 

''' "-2n+k — 2 ^3n 6 3" 3 2i 



fe=l 

I (4«+l)(4 
-r j^g ^^:in I 108 



(4n+l)(44n^+22n+3) tt , n(476n^+249n+25) 
n-2n -' 



§3.2. Employing the substitutions x — >■ ~x —p — n—1, y -^ y + q for ([T]) with p,q £ Nq, 
we have 

V^/ ^^k { k ) _( .N»l n J x+p + n x+p + n 



k=l 



/a+9+fc\ C^^^"^") x + y + p + q + n x + y + p + q + n' 



Applying the derivative operator V^ to the last equation and using Theorem[Tl we found 
the theorem. 

Theorem 16. Forp,q G No, there holds the harmonic number identity: 
_ ) TT TT , Hp (9 + n)Hq+n , p-q-n 

— \ J^pJ^q+n 



p + q + n p{p -\- q + n) p{p + q + n)"^ 
p + q + n\ (— l)"p fp + q + n\ p + n 



p / p + q + n \ q / p + q + n 

Hp+n qHq ^ p-q + n 



X i/„+„i7„ + "^"" - . . .! ^ . + 



'-p+n-^J-q 



p + q + ji {p + n){p + q + n) {p + n){p + q + ny 



Letting g = in Theorem \T^ , we achieve the following equation. 
Corollary 17. For p G No, there holds the harmonic number identity: 

k=l ^ ^ ^ 

.. , zj zj , ^P _riHr^ _p_n_\ _J_j TT , 1 

X <^ HpHn H ; J — ; — r + —, — : — r^ > : — < J^p+n H ' — 

p + n p[p + n) p[p + ny J p + n y p + n 



Y.{~lf ( ")iffci/„-fc - ^ ^^"^' ^ fi/„ + - ) where n > 0. 



When p = 0, Corollary [TT] reduces to the interesting identity 

'n 

.k 
fc=i ^ 

Setting p = 71 in Corollary 1171 we attain the identity: 

Making p — > p — 1 for Corollary [TT] and considering the relation: 

B-D'f'^r >'«— D-D'fr) fi - ;7^)«>-'^- 



k -^ — ' \ k \ n + n ' 

fc=i ^ ^ fc=i ^ / \ -^ / 



13 + "^ \ k J 
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we get the following equation by using Corollaries [5] and 1171 
Corollary 18. For p G No, there holds the harmonic number identity: 



It 

k=l 

V / fr rr i n'^ + (p-l){n-l) jt _ n-1 tt _ p+n-1 _ n-2pn+p-l \ 
^ \-"p-"" ^ n(p+n)(p+n-l)'"P pCp+n-l)-"" p(p+n)^ pn(p+ri-l)^ J " 

When p — 0, Corollary [T8l reduces to the interesting identity: 

n 
k=l 

+ (-irT^{^« + ^fe^} where n>l. 
Taking p = n in Corollary 1181 we gain the identity: 

k=l 

><{gn+2;?g^73T) + I"'(i„%l } wheren>0. 
Letting p — > p — 1 for CoroUarv llSI and considering the relation: 



we achieve the following equation by using Corollaries [S] and [T51 
Corollary 19. For p G No, i/iere /loMs i/ie harmonic number identity: 

n 



fc=l 



1/,/ipr-P d — P"(" +pn-«-l) X __ "("-!) I «(k-1)(»-2) 

_ p(ra'^+2Tt-l) _ pn(2p+2n-3)(n^+pn-7t-l) 
^" ~ (p+n-l)(p+n-2) (p+n-l)^(p+n-2)^ ' 

_ 2ra^-4n+l , 2n{n-l) _ 3n'^-6n+2 , 2w(n-l)(Tt-2) 
l^n — (p+„_i)a "I" (p+„_i)3 (p+„_2)^ "•" (p+n-2)3 ' 

_ p+« „ _ (p+«)^-2 

^" ~ (p+n-l)(p+n-2)' ''" (p+n-l)2(p+n-2)^ • 



When p = 0, Corollary [T9l reduces to the interesting identity: 

- („_i)"„_2) {^"+ »(n-iKn-2) } whcrc n > 2. 
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o n 



Setting p = n in Corollary 1191 "^6 attain the identity: 

fc=i 

- („-iK2n-i) {^2« + ^(2n-mL-2) } ^here n>l. 

§3.3. Performing the replacements a; — > .t + q, ?/ — > —y—p — n — 1 for ([1]) with p,q E Nq, 
we have 

Applying the derivative operator V^ to the last equation and using Theorem |S1 we 
establish the theorem. 

Theorem 20. Forp,q G No, there holds the harmonic number identity: 

{-If 



7 . fp+q+n\ Hp+n-kHq+k 
fc=l V q+k ) 



= Hr,H, 



J^p ^q+n 



9+ri+l 



'^ ''+"+^ p + q + n + 2 p + q + n + 2 (p + (7 + n + 2)2 
(-1)" q + n+l 1 g+1 



(-P+9+") p + g + n + 2 (P+9+") p + 9 + n + 2 

X f^ jj _ Hp+n Hq+i 2 

I ^+" "^^ p + 9 + n + 2 p + g + n + 2 (p + 9 + n + 2)2 

Making q = in Theorem [20] , we get the equation. 

Corollary 21. For p G No, f/iere /loWs the harmonic number identity: 

X^tlDlfffT -inn ^P -^"+1 I ^ \ 

j-^ ( I ) I p + 71 + 2 p + n + 2 (p + n + 2)^J 



fc. 



-1 rt") 
(-1)" n + 1 p + n + 1 [^ p + n 



(P+")p + n + 2 (p + n + 2)2\ p+" (p + n + l)(p + n + 2) 
When p = 0, Corollary [2l1 reduces to the interesting identity: 

Taking p = n in Corollary I21[ we gain the identity: 

Z^ /2«X ^/^^Zn-fc - .2«N 9 r9r,4-9^2l^2 



,=1 VW v':) 2 (2n + 2)2i (n + l)(2n + l) 

Letting p — > p + 1 for Corollary!^ and considering the relation: 

" (_!)*: " (-1)'' / k \ 

H f^p+n+l\^kHp+n+l-k = Y^ -7^+:^ [I - ^^^^^j HkHp+n^k 



we achieve the following equation by using Corollaries [S] and [H] 



1 " 

- — F 
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Corollary 22. For p G No, there holds the harmonic number identity: 

" (-l)*" f "I 

/ ^ /p+n\ f^HkHp+n-k ~ ( — 1)" ."+„^ lAnHn+lHp + BnHn+l — CnHp + -D,i j- 



k=l 



EnHpj^n+1 + -Fra, 



1/i/iPT-p A — " +3n+pTi.+p+l p _ 1 rt+2 

u;/ie/e ^„ — (p_|_„+2)(p+n+3) ' -°" ^ (p+n+2)^ (p+n+3)^ ' 

*-"" ^ (p+n+2)2 ^ (p+n+3)2 ' ^n — (p+„+2)3 ^ (p+n+3)3 

P _ (p+»+l)^ _ (p+n+l)(p+n+2) p _ (p+ri)(p+Ti+l) _ (p+n+l)" 
^n — (p+„+2)^ (p+n+3p ' ^" ~ (p+n+2P (p+n+3)'' 

When p = 0, Corollary [22] reduces to the interesting identity: 



/ ^ /„N -kHkHn-k 

k=i yk) 



f 3n+5 _ _2n+2 1 /-, , / -, Nn (K^+5n+7)(rt^+3K^+2n+2) \ 

\ (n+3)3 (n+2)3 J I ^ '^ n*+3n^-6n^-24n-14 J 

(7t+l)(n''+3ra+l) fi / -|\nr£+5r£+6ri^\ rr 

(n+2)2(n+3)2 \ "^ ^ *> -^'' n2+3„_,_i J-tln- 



Setting p = n in Corollary 1221 we attain the identity: 

iZD—hfJ fj — V -*-)" f 2n''+4n+l rj2 , H„ 



UfJ fj _ (-*-.) [ 2n''+4n+l rj2 , fl"„ , in'^ + Wn+7 \ 

I^nk-n2n-k — ,27i\ \ 4n+6 -"" ^ 2(2ri+3)2 ^ 4(n+l)(2n+3)'' J 



/ . /2n\ — K--zn-K - /2„s 
fe=l \ k ) \ n) 



(2n+l)(4n2+6K+l) „ 2n+l , 6n+5 

4(2n2+5n+3)2 -"2n 4(n+l)a '^ (2n+3)i' " 

Making p — ;■ p + 1 for Corollary [52] and considering the relation: 

" i-l)^ " (-1)'' / k"^ \ 

Yl I'p+n+lN kHkHp+n+1-k = Yl -7^+:^ i k - j HkHp+n^k 

k=l \ k J k=l \ k I ^ ^ / 






,^1^ (P+n\ 
k=l \ k I 

we get the following equation by using Corollaries [TU] and [22] 
Corollary 23. For p G iVo, t/iere /loWs the harmonic number identity: 

/ ^ /p^„s ^ HkHp+n-k = ( — 1)" /"+„\ I RnHn+lHp — SnHn+1 — TnHp — t/„ |> 

fe=l V fc / ^ " -^ 

+ VnHpj^n+1 — Wn, 

where R - -^ 3n+6 , («+2)(n+3) 

Wlieie Hn — p^n+2 p+n+3 ^ p+n+4 ' 

C _ 1 3n+6 I («+2)(n+3) 

"'" ~ (p+n+2)2 (p+n+3)2 ^ (p+n+4)2 ' 

^ _ (p+n+1)'' _ (p+l)(2p+2n+3) , (p+l)(p+2) 
" ^ (p+ri+2)2 (p+n+3)2 """ (p+„+4)2 ' 

TT _ 2p+2n+2 _ 2n^ + 7n+2pn+7p+9 , 3K+2pK+5p+8 
L^n — (p+n+2)i' (p+n+3) ^ ' (p+n+4) ^^ 

T^ _ / 2p+2n+3 _ 5p+5n+12 , 3p+3n+10 \ C„ , „ , l A 
" ~ \ (p+n+2)^ (p+n+3)2 "*" (p+n+4)^ j\P^ '^^ ^), 

TT^ _ r 2p+2n+2 _ 5p+5n+9 , 3p+3n+8 \(„l„-^-^^ 
" ~ 1 (p+n+2)^ (p+n+3)3 "*" (p+n+4) ^ J '^■f^ -T II ^ 1). 
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When p = 0, Corollary [23l reduces to the interesting identity: 

" (-1)'' 
S ^-(J-k'HkHr.-k = (n + l)iJ„+i 

fc=l \k) 

y f/ 2ra+3 5ri+12 , 3n+10 A I ^Xn( 1 3k+6 , w^+Sra+e M 

^ \V(«+2)^ (n+3)^"^(n+4)^y >- -^> V («+2)^ (n+3)^ + (n+4)^ y/ 

_ f ( 2n+2 5n+9 i 3rt+8 A i ('_1 ^n /^ 2rt+2 2n^ + 7w+9 i 3ra+8 A \ ('„ i 1 ^ 

\\^(n+2)3 (n+3)3"'"(n+4)3y ^ >- '^ > \{n+2)3 (n+3)3 "^^ (ri+4)3 ^ J *."■ ^" "^^ 

Taking p = n in Corollary 1231 we gain the identity: 

Eilll]_i.2rr TT _ (~^)""- f 2n''+5K+2 u2 , H„ , 4rt^+10n+7 1 

/2n\ "- ^kJ^2n-k — .2„x | 4„_,_g -"n T^ (2n+3)^ ^ (2n+2)(2n+3)-' J 
fc=l \ k J \7i ) 

_ (2ra+l)(4n'* + 10w^-n^-14rt-6) tj , n(8n'' + 12K^-132n'^-512w''-731w^-459n-103) 
(„+l)2(2„+3)2(2„+4)^ ^2n H 4(n+l)i'(n+2)^(2n+3)a ' 
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